We present a method to certify the entanglement of all bipartite entangled quantum states in a deviceindependent way. This is achieved by placing the state in a quantum network and constructing a correlation inequality based on an entanglement witness for the state. Our method is device-independent, in the sense that entanglement can be certified from the observed statistics alone, under minimal assumptions on the underlying physics. Conceptually, our results borrow ideas from the field of self-testing to bring the recently introduced measurement-device-independent entanglement witnesses into the fully device-independent regime.
Introduction-The certification of entanglement is a vital task in quantum information processing for which much effort has been put into developing optimal methods [1] . Typically, one uses an approach based on entanglement witnesses [2] ; since every entangled state violates a suitably chosen entanglement witness, one can in principle certify the entanglement of any entangled state. This approach however requires the precise knowledge of the measurements performed during the certification. At best, this means that much effort has to be put into the characterisation of the experimental setup and sources of error must be known and accounted for. At worst, if the system under investigation is highly complex or poorly understood, the method may not be applicable or a false positive certification may result [3] .
A solution to this problem recently came from the field of device-independent (DI) quantum information [4] [5] [6] [7] . Here, the aim is to certify physical properties of quantum systems without requiring precise knowledge of the underlying physics, that is, by treating all devices as black boxes processing classical information. In the case of entanglement certification, one requires that the state under investigation violates a Bell inequality [4, 8] , a linear function of the observed experimental probabilities which is bounded for all separable states. Since the Bell inequality is a function of the observed probabilities only and independent of the specific physical realisation, entanglement can be certified without any assumptions on the performed measurements, making this approach practically attractive.
The advantages of this approach however come at a price: not all entangled states are capable of violating a Bell inequality [9] [10] [11] [12] [13] [14] [15] [16] [17] . For example, the two-qubit Werner state [9] 
is entangled for p ≥ 1/3, however Bell inequality violation with projective measurements is impossible if p 0.68 [18] (p 0.45 in the case of general measurements [18, 19] ). For a large class of states, a device-independent entanglement detection method based on the violation of a standard bipartite Bell inequality therefore cannot be used.
This naturally leads to the question of whether the entanglement of all entangled states can be certified deviceindependently using an alternative approach. In this work we show the answer to be yes by considering networks of quantum states. Network scenarios have already been shown to be useful for DI entanglement certification, through the phenomenon of activation of Bell nonlocality [20] [21] [22] . In the present work we propose a method of entanglement certification where the state under investigation is placed in a network featuring two additional bipartite auxiliary states. The certification of entanglement is achieved via the violation of a correlation inequality based on an entanglement witness for the state and borrows ideas from the fields of self-testing, semiquantum games and measurement-device-independent (MDI) entanglement witnesses [23] [24] [25] [26] . Moreover, our construction is fully DI, requiring knowledge of the observed statistics only.
Previous work-In the standard scenario for DI entanglement certification, two parties, Alice and Bob, share a bipartite quantum state AB and wish to ensure that it is entangled. As mentioned, one way to achieve this is via a Bell test, in which each party treats his/her subsystem as a black box on which they perform a number of possible measurements labeled by the classical variables x for Alice and y for Bob, obtaining outcomes a and b respectively (see Fig. 1 (a) ). At the end of the experiment, they estimate the joint probabilities p(a, b|x, y) of obtaining outcomes a and b for measurements x and y. A DI certification of entanglement is a proof of the entanglement of AB which follows from the probabilities p(a, b|x, y) alone, i.e. without requiring assumptions about the specific physical system under investigation or the form of the measurement operators. This is equivalent to proving that the probabilities p(a, b|x, y) cannot be produced by any separable state, and can be achieved via Bell inequality violation; since separable states always produce local statistics, Bell inequality violation certifies the entanglement of the state AB .
As noted, there exist entangled states which do not violate any Bell inequality [9] [10] [11] [12] [13] [14] [15] [16] [17] . Hence, the entanglement of many states cannot be certified in this scenario. One partial solution to this problem came in the form of MDI entanglement witnesses (MDIEWs) [24, 26] . Here, the Bell test scenario is modified so that the measurement inputs are given by quantum states ψ x and φ y , as opposed to the classical labels x and y (see Fig. 1 (b) ). In the general construction, the set of quantum inputs for each party should be informationally complete arXiv:1801.10444v1 [quant-ph] 31 Jan 2018 on the local Hilbert spaces of the state under investigation. With this, a Bell-like correlation inequality can be constructed from every entanglement witness and the entanglement of all entangled states can be certified.
However, this approach is not DI since it assumes the knowledge of the input states. In what follows we show how one can remove this assumption and achieve a fully DI certification for all entangled states. Here we concentrate on the case of two-qubit systems for the sake of simplicity. Generalisations to higher dimensions and multipartite states will be discussed in a later section and more in detail in a longer, technical version of this work [27] . For two-qubit states, a convenient choice of a tomographically complete set of states to use in an MDIEW protocol are the eigenstates of the Pauli matrices, i.e.
being
(|0 ± i|1 ). Our starting point is to see that the inputting of the states ψ x and φ y is mathematically equivalent to the following (see Fig. 1(c) ). Prepare two maximally entangled ancilla states |Φ + = (|00 + |11 )/ √ 2 and give one qubit of each to Alice and to Bob. On the remaining two qubits, perform one of the three Pauli measurements, specified by z = 1, 2, 3 and w = 1, 2, 3. Conditioned on the choice of Pauli measurements and the corresponding outcomes, Alice and Bob's qubits are projected in one of the states in (2). This replacement is not DI, as it still assumes the form of the maximally entangled states and measurements on them. However, it is possible to use self-testing techniques to achieve a DI certification of these states and measurements [28, 29] . The main idea of our protocol is to incorporate these self-testing techniques into the MDI protocol for entanglement detection and promote it into a fully DI protocol that detects any entangled state.
DI entanglement certification in networks-We are now ready to define our scenario. We extend the standard Bell scenario to involve two more parties, Charlie and Daisy (see Fig.  1(c) ). As before, the aim is to certify the entanglement of the state AB shared between Alice and Bob, however we now introduce two auxiliary states, CA0 shared between Charlie and Alice and B0D shared between Bob and Daisy. Denoting the set of linear operators on Hilbert space H by B(H) we have AB ∈ B(H A ⊗ H B ), CA0 ∈ B(H C ⊗ H A0 ) and B0D ∈ B(H B0 ⊗ H D ). We work in a DI scenario in the sense that we assume (i) the validity of quantum theory but not the precise form of the states and measurements and (ii) that the network of Fig. 1 (c) correctly describes the experimental setup. Note that since we are only interested in certifying the entanglement of AB , no restrictions are placed on the states CA0 and B0D , in particular they may (and indeed will) be entangled. We now move to the central result of our work. AB to be detected is placed in a network containing additional auxiliary entangled states. Using self-testing techniques, these entangled states are certified to be maximally entangled and perform the expected measurements as required in (c).
Main result
The entanglement of any entangled state AB can be certified in the scenario of Fig. 1(c) as follows: (i) The parties perform local measurements on their subsystems to obtain the statistics p(c, a, b, d|z, x, y, w).
(ii) The following is then verified: Self-testing-The marginal distributions p(c, a|z, x) and p(b, d|y, w) maximally violate a Bell inequality that certifies that the auxiliary states each contain a maximally entangled state and that Charlie and Daisy each perform Pauli measurements on their subsystems. The Bell inequality we use for our self-testing in step (ii) of the protocol is as follows (here we focus on Charlie and Alice). Denote by E x,y the expectation value of the measurements x and y. Consider the Bell inequality
This bound follows from the fact that each line of the above is a CHSH Bell inequality [30] , each upper bounded by 2. Using the state CA0 and measurements described above one achieves a maximal violation of each CHSH inequality and so J = 6 √ 2. Note that each of Charlie's measurements appears in exactly two of the lines. Since the maximum violation of a single CHSH inequality requires two anti-commuting measurements [31] [32] [33] , one would expect that the maximum violation of (3) require three anti-commuting measurements for Charlie. This is indeed the case, as described in the following lemma (see [34] for related results). Lemma 1. Let Charlie and Alice share the state |ψ ∈ H C ⊗ H A0 and denote by Z C , X C , Y C three ±1 outcome observables for Charlie. If one observes a Bell inequality violation of J = 6 √ 2 then there exist local auxiliary states
where |ξ takes the form
Here we use superscript to denote the Hilbert space on which an operator acts nontrivially. For example X C |ψ ≡ (X C ⊗ 1 1 A0 )|ψ . The above lemma can be understood as follows. The observation J = 6 √ 2 implies that the state |ψ must contain a two-qubit maximally entangled subspace and that two of Charlie's measurements must be given by the observables σ x and σ z in this space (equations (4) to (6)). From (7), the third measurement of Charlie is equivalent to first measuring the observable σ z on the state |ξ , and then measuring either σ y or −σ y on his half of the maximally entangled state depending on this first outcome. We can therefore understand the above as Charlie measuring either {σ x , σ y , σ z } or {σ x , −σ y , σ z } on the maximally entangled state, with some unknown probability that depends on the precise (unknown) form of |ξ . This reflects the fact that the only two nonunitarily equivalent sets of mutually anti-commuting measurements on a qubit are given by {σ x , ±σ y , σ z }, which are related via transposition (or equivalently complex conjugation) in the computational basis. A full proof of Lemma 1 can be found in [27] .
Strictly speaking we have not self-tested the three Pauli measurements on the maximally entangled state due to the additional σ z measurement in (7). However, this does not prevent us from using the MDIEW technique. The intuitive reason for this is as follows. Since the measurements {σ x , σ y , σ z } and {σ x , −σ y , σ z } are related via transposition, the states that Alice receives for the input to the MDIEW protocol (see (2) ) are essentially either ψ x or ψ T x with some unknown probability. Using transposed quantum inputs ψ T x for Alice in a MDIEW protocol with a product state AB = σ A ⊗ σ B is mathematically equivalent to using the standard inputs ψ x on the state σ T A ⊗ σ B . However, since this state remains a separable, this cannot lead to false positive entanglement detection.
We now move to entanglement certification part of step (ii) of the protocol. Fix an entangled two-qubit quantum state˜ AB for which to perform the entanglement certification. The correlation inequalities we consider are constructed from an entanglement witness for the state˜ AB and are inspired from those found in [23, 24, 26] . For every entangled˜ AB there exists a Hermitian linear operator W, called an entanglement witness, such that tr(W AB ) ≥ 0 for every separable state AB and tr(W˜ AB ) < 0. Consider the projectors π c|j = 1 2 [1 1 + c σ j ] with c = ±1 and j = 1, 2, 3, that is, projectors onto the plus and minus eigenspaces of the Pauli observables. Since these form a basis of the set of Hermitian matrices, any entanglement witness for a two-qubit state may be decomposed as
The inequality we consider is then
which is satisfied if AB is a separable state, however can be violated using˜ AB . To see this, write the probabilities arising from the network of Fig. 1(c) as
where the M i|j are the local measurement operators. Since there are no restrictions on the auxiliary states or measurements, we may assume that these states are pure and the measurements M C c|u and M D d|w projective without loss of general-ity. We may therefore write p(c, +, +, d|z, x = , y = , w) (12)
From step (ii), we may use Lemma 1 to replace the auxiliary states and measurements in the above, e.g.
After some work (see [27] Supp. Mat. F for details) one obtains
where Λ(·) can be shown to be a local positive map on all separable states. One thus has that Λ( AB ) is separable if AB is separable and so I ≥ 0 for all separable AB . The proof of this follows the same structure as the MDIEW technique, however one must take a bit more care due to the additional complications implied by Lemma 1.
It remains to show that one can violate I using the statẽ AB . First generate auxiliary states CA0 = B0D = |Φ + Φ + | and perform the measurements detailed in step (i) so that the self-testing conditions of step (ii) are satisfied. One then has p(c, +, +, d|z, x = , y = , w) = (14)
where we have used tr
T i|j in the second and third line. One thus has
hence certifying the entanglement of AB . High dimension and multipartite states-Our method can be used to certify the entanglement of bipartite states of any dimension. Every bipartite entangled state of dimension d × d violates an entanglement witness of the form
where the set {π i } consists of (at least) d 2 linearly independent quantum states. As in the qubit case states {π i } can be prepared in a device independent manner by distant parties Charlie and Daisy which now share with Alice and Bob respectively a tensor product of N maximally entangled pairs of qubits, where N = log d . Specifically, by performing a parallel self-test of Lemma 1, one can certify tensor products of the Pauli measurements for Charlie and Daisy which provide an informationally complete set of states {π i } for Alice and Bob; see [27] .
The same idea can also be utilised to certify the presence of entanglement in multiparte states of any dimension. Each party would share a suitable maximally entangled state with an auxiliary party, which is used to self-test the preparation of an informationally complete set of states. We stress however that this approach is not suitable to detect genuine multipartite entanglement. This is because the set of k−separable states is not closed under partial transposition on individual parties, so the imprecision in the sign of the self-tested ±σ y measurement may lead to false positive results.
Noise robustness-It is important to ask whether our protocol can be made robust to noise. Suppose that the violations of the Bell inequality (3) in step (ii) of the protocol differ from the maximum value by at most with > 0. Since selftesting protocols are robust, the observed violation guarantees that the states and measurements must be close, though not exactly equal to the desired ones. In [27] we show that entanglement can still be certified if one changes the bound of (10) to read I ≥ −O( √ ). As a result, for non-maximal violations, a fraction of entangled states close to the separable states is no longer detected.
Discussion-A number of improvements to the self-testing part of out protocol would strengthen our results. For example, it may be possible to lower the requirement on the number of inputs/outputs by self-testing more efficient sets of informationally complete measurements in high dimension (e.g. by using mutually unbiased bases or symmetric positive operator valued measures). Additionally, the overall noise robustness of the entanglement certification would benefit from improvements to the robustness of self-testing statements, which at the moment are typically weak. In principle, our technique can also be applied to convex sets of bipartite quantum states other than the separable set, provided that the set be closed under local unitaries and local transpositions. Furthermore, one may be able to apply our general method to other DI tasks such as quantum key distribution and randomness certification where MDI protocols already exist [35, 36] .
To conclude, our work opens new perspectives for entanglement certification by connecting different concepts such as self-testing and MDI protocols in a quantum network. For weakly entangled states where optimal Bell inequalities are not known, our method provides a general construction that is easily applicable to all states. Furthermore, it allows for DI entanglement certification of entangled states admitting a so-called local hidden variable model for which the standard approach fails. We hope that the present results motivate further studies on DI protocols that could be boosted by the use of quantum networks.
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